Studies of drainage and rupture of thin layers of aqueous solutions are important for a number of applications such as flotation, development of lab-on-a-chip devices, and microscale two-phase cooling systems. We develop a model of a draining liquid electrolyte film between a gas bubble and solid wall. The model is based on coupling of capillarity, viscous flow, and electrostatic effects described by the nonlinear Poisson-Boltzmann equation. Our approach leads to a more accurate description of drainage than the earlier studies based on the concept of the electrostatic component of disjoining pressure since they accounted for the electrostatic contributions to the normal stress but not the shear stress balance at the fluid interface. We apply our model to the derivation of stability criteria for an electrolyte film on a charged solid substrate. Then, the problem of film stability on a substrate structured by an array of gas-filled grooves is analyzed using the Floquet theory.
Introduction
Thin aqueous films are encountered in a number of applications such as flotation, microfluidics, and microscale two-phase cooling systems. The effects of viscosity, surface tension, thermocapillary stresses, and evaporation can be important and have been incorporated into models of thin liquid films 1, 2, 3 . In addition, for films of thickness below 1 micron, it is often essential to incorporate the effects of disjoining pressure. The latter refers to additional terms in the stress tensor in the liquid film due to effects such as London-van der Waals dispersion forces and electrostatic repulsion/attraction 4, 5 . A widely used model of disjoining pressure is based on the assumption that the additional stresses in the liquid are inversely proportional to the cube of the film thickness, as is the case for London-van der Waals dispersion forces for negligible electromagnetic retardation. This model has been applied to finding stability criteria of a thin liquid film and describing its break-up 6, 7, 8 . Recently, several studies applied the model to the stability of films on structured and patterned surfaces 9, 10, 11 . In the present study, we are interested in situations when electrostatic effects are important, so let us discuss these in more detail. For liquids which contain ions, such as aqueous solutions, the chemical interactions with many solid surfaces (e.g. quartz or mica) leads to formation of net surface charge and a screening layer of ions in the liquid near the solid-liquid interface. The Debye length,
determines the thickness of the screening layer. Here ε is the dielectric permittivity, k B is the Boltzmann constant, T is the temperature, n 0 is the bulk ion concentration in the liquid, e is the elementary charge. Liquid-gas interfaces also tend to carry screened electric charges, although the nature of these is not as well understood as for solid-liquid interfaces. As the electrical double layers formed at interfaces overlap and interact, the film deformation becomes a function of the interfacial electric potentials and charge densities. These deformations can be described by a variety of approximate models of electrostatic disjoining pressure expressed as a function of film thickness 4, 5 . The objective of the present study is to revisit the standard description of electrostatic effects in thin films using approximate formulas for electrostatic disjoining pressure. Our model can be viewed as generalization of the models based on electrostatic disjoining pressure. We combine the standard models of viscous flows in thin liquid films with the full numerical solutions of the nonlinear Poisson-Boltzmann equation. The approach is illustrated by applying it to several different geometric configurations such as film drainage, evaporation of a thin liquid layer, and intefacial instability of a liquid film on both flat and structured substrates. Comparison of simulation results with available experimental data is also discussed.
Modeling of electrostatic effects
Let us first discuss the general equations and boundary conditions describing the electric field in a thin aqueous liquid film. A general sketch of such film is shown in Fig. 1 . The solid substrates are usually assumed to be at constant electric potential, an approximation we adopt in the present article. The dimensional value of the potential is denoted by ψ * 0 . At the liquid-gas interface, the assumption of fixed potential, even though used in some studies, is not properly justified. In fact, the actual interfacial potential is determined by a complex interplay between the local electric field, interface deformation, and electric charge transport. However, as a reasonable first approximation, we assume that the charge density is constant, equal to q * . Let us define ψ as the electric potential scaled byψ = k B T/e. According to the Poisson-Boltzmann equation,
where κ is the ratio of the characteristic film thickness d to the Debye length. The coordinate y is in the direction normal to the solid and is scaled by d. We assume all relevant length scales in the direction along the solid are much larger than the film thickness. The nondimesional value of the potential, ψ 0 = ψ * while the scaled charge density at the deforming fluid interface (y = h) is q = q * λ D /εψ. Equation (2) has been solved with these two boundary conditions using bvp4c, the standard Matlab tool for solving boundary value problems. The electric potential profile can then be used to estimate the potential at the liquid-gas interface as a function of the local scaled film thickness,ψ(h). This will used as an input variable for models of viscous flow in the film discussed below. Fig. 2 shows the interfacial profile versus thickness for q = −0.1, κ = 5, and two different values of the scaled solid surface potential, ψ 0 = −4 and ψ 0 = −2. Clearly, the region where the potential varies is localized, corresponding to the range of values of film thickness with significant overlap of the interfacial electrical double layers. For thickness values above ∼ 1, there is very little overlap, to the potential remains constant independent of the film thickness. Note that in this region the Grahame equation can be used to relate the potential to the local charge density.
For low values of the potential, the general equation (2) can be linearized, resulting in the so-called Debye-Hückel approximation. This approximation allows us to get an analytical expression forψ,
We use this approximation to validate the numerical method for the Poisson-Boltzmann equation. It is interesting to note that the Debye-Hückel approximation works well for even relatively large potentials, as illustrated in Fig. 3 . 
Drainage of isothermal aqueous films
Let us now discuss applications of our approach to the problem of drainage of stable aqueous film under the isothermal conditions. Mathematical models have been remarkably successful in explaining experimental data on drainage of films separating mercury droplets and mica substrate 12 . However, when applied to the case of an aqueous film between a gas bubble and a solid surface, the agreement between theory and experiments is rather poor when the standard hydrodynamic boundary conditions are used, as reported by Manica & Chan 13 . These authors also point out that good agreement can be achieved when the no-slip condition is forced at the fluid interface. The origin of the immobilization of the interface remains puzzling, especially since experience from other areas of microscale fluid mechanics suggests that such radical departure from the standard perfect slip behavior at a fluid interface is quite unusual. Most recent discussions of the topic focused on possible mechanisms of immobilization, such as the presence of surfactants or interface elasticity 13 . In the present study, we use a radically different approach. Instead of trying to modify the standard hydrodynamic boundary condition, we revisit the basic assumptions of the disjoining pressure approach. The latter provides a convenient method for incorporating the electrostatic effects into the normal stress balance at the fluid interface but completely neglects these effects in the shear stress balance. We show that electrostatic contributions to both stress balances are important in a thin aqueous layer separating a gas bubble from a solid wall and develop a model which accounts for these contributions. The experimental data is accurately described by our model without the need to modify the standard hydrodynamic interfacial conditions. Consider a gas bubble protruding from a circular tube surrounded by viscous liquid which is a 1:1 symmetric aqueous electrolyte. The bubble is pressed against a flat solid wall, resulting in drainage of the liquid layer separating the bubble from the wall. The radius of curvature of the bubble away from the wall is R 0 and the configuration is assumed axisymmetric. The interfacial boundary conditions for the electric potential are as specified in Section 2. We note that in contrast to the case of a mercury droplet pressed against the wall, there is no physical reason to expect the potential at the deforming liquid-gas interface to remain constant.
In order to apply the lubrication-type approach 1,2,3 , we scale the radial and vertical coordinates by Ca 1/3 R 0 and Ca 2/3 R 0 , respectively, where the capillary number Ca = μU/σ 1 and the velocity scale U is chosen based on balance of the electrostatic and surface tension forces in the thin layer, leading to
Here μ is the dynamic viscosity, σ is the surface tension, andψ = k B T/e is the characteristic electric potential. The nondimensional electric potential ψ (scaled byψ) satisfies the nonlinear Poisson-Boltzmann equation, Eq. (2). Viscous flow is described by the lubrication-type model with the electrostatic body force. The normal and shear stress balances are
Here p is the pressure difference between liquid and gas scaled by σ/R 0 , u is the radial velocity scaled by U. In deriving equations (5)- (6), we assumed that both viscosity and dielectric permittivity of the gas phase are much smaller than those of the liquid. Note that equation (6) incorporates the electrostatic contribution to the shear stress at the liquid-gas interface, neglected in all previous studies of drainage despite the fact that this contribution does not vanish in the asymptotic limit of small capillary numbers. Following the standard lubrication-type approach 3 , the system of governing equations is reduced to a nonlinear equation for the scaled film thickness, whereψ is the scaled electric potential at the interface found from the numerical solution of the full Poisson-Boltzmann equation (2) with the boundary conditions specified above. In contrast to most previous studies of drainage, we do not rely on approximate expressions for the electrostatic potential in the film. We follow the standard numerical procedures for solving the evolution equation for film thickness 3 . We use the symmetry conditions at r = 0 and fix the value of curvature at a position r = L with the value of L chosen sufficiently large, corresponding to undeformed meniscus region away from the substrate. The initial profile is that of constant curvature, and the value of h(L) is decreased rapidly starting at t = 0 at a speed corresponding to 2.75 mm s −1 to simulate the experimental procedure, as discussed in Manica & Chan 13 . The parameter values specified in the caption of Fig. 2 are based on the experimental parameters of 14 . The values of the gas-liquid interfacial potentials and charge densities are still a matter of controversy; we used q = −0.5 in all simulations, but also verified that the conclusions of the present paper remain valid forq = −1 and q = −1.5.
Typical results for time-dependent interface shapes corresponding to the experiment of Hewitt et al. 14 with NaCl solution of concentration 0.25 mM are shown in Fig. 4 , using the dimensional variables (as indicated by the asterisks). For comparison, experimental data is also shown at the corresponding times. Clearly, the comparison between theoretical and experimental interface shapes is excellent for the values of the radius below 100 micron and reasonable for the higher values of the radius.
In order to illustrate the significance of the electrically induced tangential component of the interfacial stress, we ran the simulation with the corresponding term in the evolution equation set to zero and observed that the results are different. Thus, using the correct shear stress balance is important not only from the standpoint of mathematical consistency of the asymptotic theory but also for answering practical questions, e.g. determination of the drainage rate over long periods of time. For all simulations we conducted, the previously overlooked effect of tangential electric field reduces the long-term drainage rates. This explains why imposing the no-slip condition at the fluid interface resulted in better agreement with experiments in the study of Manica & Chan 13 : the no-slip at the interface reduces the outward drainage rate, i.e. has the same effect as the shear stress induced by the electric field. It is important to point out, though, that since our agreement with experiment is not perfect, factors such as contamination by surfactants may still play a role in determining the actual drainage rates in the experiment. Note that variations of the surface tension but rather a result of direct action of the electric field on the electrical charges present at the interface. Based on equation (8) , the relative importance of the shear stress contribution of the electric field as compared to the disjoining pressure term can be estimated asq/(κh sinhψ). This implies that the tangential stress will always be significant for small values of κh, which is the ratio of the dimensional film thickness to the Debye length λ D . This is exactly the condition of interest in many applications, i.e. the condition when there is a significant overlap of the electrical double layers of the two interfaces. To investigate the dependence of interface evolution on the parameter κ, we conducted simulations over a range of its values, concluding that at smaller κ the electric shear stress contribution manifests itself earlier in time and affects not only the long-term but also the short-term drainage dynamics.
Film stability on flat and structured surfaces
The model of electrostatic effects can also be applied to finding stability criteria of flat electrolyte films. Following the lubrication-type approach, the equation for film thickness is written in the form,
where ψ 2 is the electrostatic potential at the liquid-gas interface. This equation is derived in the framework of a twodimensional model. It accounts for possibility of variable slip as described by the Navier slip condition incorporating the electric field effects, (10) Note that the first term in (9) describes the effects of the electrostatic component of disjoining pressure and the effects of the liquid shear stress, while the second term describes the effects of the Navier slip length. β(x) is a square-wave function with maximum value of β 0 and minimum value of zero. While for the no-slip condition, the normal mode analysis of the equation is appropriate, the case of variable slip length, used to model the structured surface in the Cassie state 3 , requires the use of Floquet theory. Typical dispersion curves are illustrated in Fig. 5 . The slip has a destabilizing effect on the instability, as seen from comparison of different curves in the figure. This can be explained by the fact that the viscous flow is more easily developed when parts of the interface promote liquid slippage.
Conclusions
We formulate a model of electric field in a thin liquid layer based on the nonlinear Poisson-Boltzmann equation. Coupling of the electrostatic effects described by this approach with models of viscous flow and evolution of deformable fluid interfaces is considered for a number of configurations. We show that in addition to the normal stress balance, it is essential to incorporate the electrostatic effects into the tangential interfacial stress balance. The simulation results are shown to be in good agreement with experimental data on draining liquid films. We also applied the model to defining the stability criteria of electrolyte films on flat and structured solid substrates.
